Robust optimization applied to uncertain limit
analysis and optimal plastic design

Jérémy Bleyer!, Vincent Leclére?

1 | aboratoire Navier, ENPC, Univ Gustave Eiffel, CNRS

2 CERMICS, ENPC
éé ~, Université
cole des Pont @ .‘ >t.\< Gustave Eiffel
ParisTech

NAVIER

LABORATOIRE

Congres Francais de Mécanique 2022
August, 30th 2022

Jérémy Bleyer (Laboratoire Navier) August, 30th 2022 1/17




Limit state design methods in civil engineering

Variability: material properties, loading conditions, boundary conditions, initial
state, etc.

Design codes: use of partial safety coefficients on loading amplitude and
material strength to guard against uncertainty
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Limit state design methods in civil engineering

Variability: material properties, loading conditions, boundary conditions, initial
state, etc.

Design codes: use of partial safety coefficients on loading amplitude and
material strength to guard against uncertainty

limit analysis theory: a tool to estimate a structure collapse load using convex
optimization
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Limit analysis theory: nominal and uncertain cases
Outline

@ Limit analysis theory: nominal and uncertain cases
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Limit analysis theory: nominal and uncertain cases

Limit analysis theory: a convex optimization formulation

Collapse = there exist no internal stress field satisfying both equilibrium and
strength conditions
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Limit analysis theory: a convex optimization formulation
Collapse = there exist no internal stress field satisfying both equilibrium and

strength conditions

@ Stress field: a symmetric 2nd-rank tensor o(x) for 2D/3D solids
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Limit analysis theory: a convex optimization formulation

Collapse = there exist no internal stress field satisfying both equilibrium and
strength conditions

@ Stress field: a symmetric 2nd-rank tensor o(x) for 2D/3D solids

@ Equilibrium: a linear differential equation with respect to a given loading

diveo(x)+ AMf(x) =0 forx € Q
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Limit analysis theory: nominal and uncertain cases

Limit analysis theory: a convex optimization formulation

Collapse = there exist no internal stress field satisfying both equilibrium and
strength conditions

@ Stress field: a symmetric 2nd-rank tensor o(x) for 2D/3D solids

@ Equilibrium: a linear differential equation with respect to a given loading

diveo(x)+ AMf(x) =0 forx € Q

@ Strength condition: G convex set containing 0

o(x)e G(x) VxeQ
& gelo(x)) <1

ge(o) =inf{A > 0s.t. o € AG} Minkowski functional (gauge) of G
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Limit analysis theory: nominal and uncertain cases

Limit analysis theory: a convex optimization formulation

Collapse = there exist no internal stress field satisfying both equilibrium and
strength conditions

@ Stress field: a symmetric 2nd-rank tensor o(x) for 2D/3D solids

@ Equilibrium: a linear differential equation with respect to a given loading

diveo(x)+ AMf(x) =0 forx € Q

@ Strength condition: G convex set containing 0

o(x)e G(x) VxeQ
& gelo(x)) <1

ge(o) =inf{A > 0s.t. o € AG} Minkowski functional (gauge) of G

Collapse load
Find the maximum load multiplier A such that such a stress field exists J
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Limit analysis theory: nominal and uncertain cases

Convex optimization formulation : nominal case

Continuous problem:

AT = max A

A, oEW
dive +Af =0 Vx € Q

s.t.
gc(o) <1
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Limit analysis theory: nominal and uncertain cases

Convex optimization formulation : nominal case

Continuous problem:

AT = max A

A, oEW
dive +Af =0 Vx € Q

s.t.
gc(o) <1

Discrete (e.g. finite-element) formulation:

AT = max A
A, oEW)
Ho + A\F =0
ge(ok) <1 Vk=1,....N
convex optimization problems
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Limit analysis theory: nominal and uncertain cases

Convex optimization formulation : nominal case

Continuous problem:

AT = max A
A, oEW
dive +X\f =0 Vx € Q

s.t.
gc(o) <1

Discrete (e.g. finite-element) formulation:

A= max )\
)\,G’EW},
Ho +)\F =0
gelok) <1 Vk=1,...,N

convex optimization problems
usually G (thus also g¢) has a simple geometrical shape: ellipsoid, cone, etc.
= conic programming solvers e.g. MOSEK
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Limit analysis theory: nominal and uncertain cases

Uncertain limit analysis

Uncertain material strength and/or loading

AT(¢) = max A

Ho + AF(¢) =0
gc(e)(ok) <1 Vk=1,...,N

geometry is deterministic = fixed recourse equilibrium matrix H
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Limit analysis theory: nominal and uncertain cases

Uncertain limit analysis

Uncertain material strength and/or loading

AT(¢) = max A

Ho + AF(¢) =0
gc(e)(ok) <1 Vk=1,...,N

geometry is deterministic = fixed recourse equilibrium matrix H
Previous works:

@ Monte-Carlo [Huang et al., 2013; Kasama and Whittle, 2016; Ali, 2016]
mixed integer programming [Kanno and Takewaki, 2007]
info-gap decision theory [Matsuda and Kanno, 2008]
FORM/SORM [Staat, 2014]

°
°
°
@ chance-constrained programming [Tran et al., 2018; Tran and Staat, 2020, 2021]
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Limit analysis theory: nominal and uncertain cases

Uncertain limit analysis

Uncertain material strength and/or loading

AT(¢) = max A

Ho + \F(¢) =0
gc(e)(ok) <1 Vk=1,...,N

geometry is deterministic = fixed recourse equilibrium matrix H

U a given uncertainty set. Find the worst-case limit load:

Awec = minmax A

CeU o
Ho + \F(¢) =0
ga(e)(ok) <1 Vk=1,...,N

In general, A\(¢) and o(¢) are adjustable variables = not tractable in general
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Qutline

@ Strength uncertainty
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Strength uncertainty

Robust strength criterion

Strength uncertainty: small in amplitude, assume that (conservative):

o({)=0c A=A
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Strength uncertainty

Robust strength criterion

Strength uncertainty: small in amplitude, assume that (conservative):
o¢)=0 A=A
Static robust formulation:

ARC = Maxmin A

Ao ¢CeU
Ho + A\F =0 (RC)
geo)(o) <1 VCeU, Vk=1,...,N
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Strength uncertainty

Robust strength criterion

Strength uncertainty: small in amplitude, assume that (conservative):
o¢)=0 A=A
Static robust formulation:

ARC = maxmin A\
¢ Ao CeU

Ho + \F =0 (RC)
gG(C)(O'k)Sl vVCelUd,Vk=1,...,N
we can replace the uncertain strength condition nominal domain
with a deterministic condition: uncertain 7
realizations
= gG(C)(O'k) <1 V¢elUu \\‘

& O'kEG(C) v¢Cel
o € GRC = ﬂ G(C)

¢eu
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Strength uncertainty

Robust Mohr-Coulomb criterion

uncertain cohesion ¢(¢) and friction angle ¢(¢):

o1 — 03 + (01 + 03)sin ¢(¢) < 2¢(¢) cos #(¢)
Uncertainty modelling: assume k = (c, ¢)

Ac pAp 2

k(¢) = ko + K¢ with K = [ N

} and { €U
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Strength uncertainty

Robust Mohr-Coulomb criterion
uncertain cohesion ¢(¢) and friction angle ¢(¢):
o1 — 03+ (01 + 03) sin $(¢) < 2¢(¢) cos ¢(¢)

Uncertainty modelling: assume k = (c, ¢)

. Ac  pAp2
k(¢) = ko + K¢ with K:[O l—pzoA(b} and ( €U

Example: ¢ =1 MPa, ¢g = 30°, Ac =150 kPa, A¢ =5°, U = Lp-ball

—_— U=l  — U=U — U=l

/
AN

0.8 0.9 1.0
Cohesion ¢ [MPa)

(@) p=0
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Friction angle ¢ []
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Strength uncertainty

Tractability of robust strength condition

Tractability of (RC) if one has a tractable conic formulation for Ggc
For Mohr-Coulomb, we have:

guc(o;¢) = g(A(¢)a), Vel
~ g((Ao+Ay)o) <1, YCelu

with g convex homogeneous.
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Tractability of robust strength condition

Tractability of (RC) if one has a tractable conic formulation for Ggc
For Mohr-Coulomb, we have:

guc(o:C) = g(A(Q)o), V¢eU
~g((Ao+ Ax¢)o) <1, V¢eU
with g convex homogeneous.

A generic question

Tractable strength constraint reformulation of:
glo+32()<1, VvCelU (1)

for a known X 7 (note: convex in both o and ¢)
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Strength uncertainty

Exact reformulations

glo+3) <1, VCeU

exact reformulations can be obtained in the following cases:
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Strength uncertainty

Exact reformulations

glo+3() <1, YWelU
exact reformulations can be obtained in the following cases:
e Gispolyhedral : G={ost. ¢cJo <dk, Vk=1,...,K}
cio+e Bl <di Vel
T T
& 3¢ < d
Cro + ?S&({(ck )¢} < dk
—_———

=[1ET ekler,

Jérémy Bleyer (Laboratoire Navier) August, 30th 2022

9/17



Strength uncertainty

Exact reformulations

glo+3) <1, VCeU

exact reformulations can be obtained in the following cases:
e Gispolyhedral : G={ost. ¢cJo <dk, Vk=1,...,K}

clo+ e <dy Y¢eU
T T
& b <d,
Ck"'*‘?g&({(ck )¢} < dk
N———

=IETexllu«

o U is polyhedral : U = conv{(i,...,{n} of vertices (y:

glo+3¢)<1, Yel
& glo+3¢) <1, Vk=1,....N

impractical problem size in general
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Strength uncertainty

Approximate reformulations

We look for tractable and safe approximations in the generic case:
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Strength uncertainty

Approximate reformulations

We look for tractable and safe approximations in the generic case:
@ [Bertsimas and Sim, 2004] : if U is defined by an absolute norm, then

g() +[Islle» <1
where s; = max{g(%;), g(—%;)}

is a safe approximation of (1).
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Strength uncertainty

Approximate reformulations

We look for tractable and safe approximations in the generic case:
@ [Bertsimas and Sim, 2004] : if U is defined by an absolute norm, then

g(o) + lIsllus <1 (2)
where s; = max{g(%;), g(—%;)}
is a safe approximation of (1).

@ [Roos et al., 2018] : for a polyhedral uncertainty set
U={¢eR" st 3¢ €Rand D;¢ + D2£ < d} with
D; e R™*™ Dy e R"™*9, d € R"

glo—Vd)+d'v<i1
g(v,')SV,' VI':].,...,I’
T,
Jv e R’, V € R¥ st g#"_g (3)
2V =
VD, +X=0
VD, =0

is a safe approximation of (1). It is tighter than (2).
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Strength uncertainty

Robust Mohr-Coulomb criterion

2-
g3

0.

p=0U=Ux )
bust criteri
—4
4 2 0 2
01

robust criterion approximately given by

01— 03 + (01 + 03) SiN Pmin < 2Cmin COS Gmin

01 —03+ (Ul + 03) SiN Pmax < 2Cmin COS Pmax

where ¢max/min = ¢o = AP, Cmin = 0 — Ac
August, 300 2022 1117



Strength uncertainty

Robust Mohr-Coulomb criterion

Influence of U (p = 0): Influence of p:

—VA

— U=Up=0

— U=t ——— U=y p=09

—_— U=l — U =Usx,p=00

-=~ Nominal e U=l p =09
-== Nominal

Shear stress 7

—4 -3 —1 1 -4 -3 - -1 0 1
Normal stress o, Normal stress o,
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Robust slope stability

standard FELA with robust Mohr-Coulomb criterion (FEniCS + MOSEK)?

Nominal:
40
35
) 30
Robust:
10
5

%

1fenics_optim open-source package

Jérémy Bleyer (Laboratoire Navier)

Limit load estimates

I

i Robust limit analysis
—-= Nominal limit analysis
B Random realizations

4 6
Safety factor

August, 30th 2022
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https://gitlab.enpc.fr/navier-fenics/fenics-optim

Qutline

@ Robust plastic design
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Robust plastic design

Plastic truss optimization B
min £'a
a,N 05 ? —_
st. HN=F
|N| <a 0.0
—0.5 0.0 0.5 1.0 15 2.0 2.5
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Robust plastic design

Plastic truss optimization

Problem: solutions are so optimized that they ;5
are not robust

—0.5 0.0 0.5 1.0 15 2.0 2.5
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Robust plastic design

Plastic truss optimization

Problem: solutions are so optimized that they

are not robust
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Robust plastic design

Plastic truss optimization

Problem: solutions are so optimized that they
are not robust
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Robust plastic design

Uncertain plastic design

known, uncertain, optimization variable:

min £Ta

a,N

st. HN=F
IN| < a
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Robust plastic design

Uncertain plastic design

known, uncertain, optimization variable:

min £Ta

a,N

st. HN=F
IN| < a

Uncertainty set: 4 = {¢ e R" s.t. ||| <1}

F=F(C):=Fo+) Fi¢
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Robust plastic design

Uncertain plastic design

known, uncertain, optimization variable:

min £Ta

a,N

st. HN=F
IN| < a

Uncertainty set: 4 = {¢ e R" s.t. ||| <1}

F=F(C):=Fo+) Fi¢

optimize the worst-case: (robust counterpart)
minmax £'a min £Ta
a,N ¢eu a,N
st. HN=F(¢) < st. HN=F() Y¢eU
IN| < a IN| < a
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Robust plastic design

Uncertain plastic design

known, uncertain, optimization variable:

min £Ta

a,N

st. HN=F
IN| < a

Uncertainty set: 4 = {¢ e R" s.t. ||| <1}

F=F(C):=Fo+) Fi¢

optimize the worst-case: (robust counterpart)
minmax £'a min £Ta
a,N ¢eu a,N
st. HN=F(¢) < st. HN=F() Y¢eU
IN| < a IN| < a

impossible in general to find a single N in equilibrium with all F(()
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Robust plastic design

Adjustable robust optimization

Fixed decision variables: a does not depend on uncertainty
Adjustable (recourse) variables: N(¢) should adapt to uncertainty
min £'a
a,N(¢)
st. HN(C)=F(¢) Y¢eu
IN(Q)| < a
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Robust plastic design

Adjustable robust optimization

Fixed decision variables: a does not depend on uncertainty
Adjustable (recourse) variables: N(¢) should adapt to uncertainty
min £'a
a,N(¢)
st. HN(C)=F(¢) Y¢eu
IN(Q)| < a

m
NP-hard problem = we restrict to an affine recourse N(¢) = Np + Z N;¢
i=1

min £'a
a,N,—
st. HN;=F; Vi=0,...,m

|N0+ZN,’C;|§8 Vel

i=1
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Robust plastic design

Adjustable robust optimization

Fixed decision variables: a does not depend on uncertainty
Adjustable (recourse) variables: N(¢) should adapt to uncertainty
min £'a
a,N(¢)
st. HN(C)=F(¢) Y¢eu
IN(Q)| < a

m
NP-hard problem = we restrict to an affine recourse N(¢) = Np + Z N;¢

i=1

min £Ta
a,N,-
st. HN, =F, Vi=0,....m

m
N N;¢|} <
max{| o+ Y NiGl}<a

i=1

maximize a convex function is NP-hard in general
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Robust plastic design

Adjustable robust optimization

Fixed decision variables: a does not depend on uncertainty
Adjustable (recourse) variables: N(¢) should adapt to uncertainty
min £'a
a,N(¢)
st. HN(C)=F(¢) Y¢eu
IN(Q)| < a

m
NP-hard problem = we restrict to an affine recourse N(¢) = Np + Z N;¢

i—1
min £'a
a,N;
st. HN;=F; Vi=0,...,m

m
N NG} <
rgmea&({ o+; (t<a

m
“No—S "N} <
mar (Mo —3_Nic} < a
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Adjustable robust optimization

Fixed decision variables: a does not depend on uncertainty
Adjustable (recourse) variables: N(¢) should adapt to uncertainty
min £'a
a,N(¢)
st. HN(C)=F(¢) Y¢eu
IN(Q)| < a

m
NP-hard problem = we restrict to an affine recourse N(¢) = Np + Z N;¢
i=1

min £Ta
a,N,-
ot. HN, =F, Vi=0,....m

No +[|(N)]« < a
—No +[[(=Ni)|l. < a

convex problem of size ((2 4+ m)Ng) vs. 2Ng in the nominal case
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Robust plastic design

Results

Case with 1 uncertain loading:

0.0

—0.5 0.0 0.5 1.0 1.5 2.0 2.5

Case with 2 uncertain loadings:

0.0

—0.5 0.0 0.5 1.0 15 2.0 2.5
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Robust plastic design

Conclusions and perspectives

Robust limit analysis theory

@ RO concepts are applied to convex optimization problems of limit analysis
@ may require affine decision rules (e.g. load uncertainty)
°

robust strength constraint need specific approximate reformulations

resulting RC remains tractable and computationally efficient
Bleyer, J., & Leclére, V. (2022). https://arxiv.org/abs/2203.11354
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Conclusions and perspectives

Robust limit analysis theory

@ RO concepts are applied to convex optimization problems of limit analysis
@ may require affine decision rules (e.g. load uncertainty)
°

robust strength constraint need specific approximate reformulations

resulting RC remains tractable and computationally efficient
Bleyer, J., & Leclére, V. (2022). https://arxiv.org/abs/2203.11354

Perspectives
@ upper bound kinematic formulation, numerical implementation
@ shakedown analysis
@ probabilistic guarantees 7 non-linear decision rules 7

@ applications : masonry, frame structures, geotechnics etc.
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Conclusions and perspectives

Robust limit analysis theory

@ RO concepts are applied to convex optimization problems of limit analysis
@ may require affine decision rules (e.g. load uncertainty)
°

robust strength constraint need specific approximate reformulations

resulting RC remains tractable and computationally efficient
Bleyer, J., & Leclére, V. (2022). https://arxiv.org/abs/2203.11354

Perspectives
@ upper bound kinematic formulation, numerical implementation
@ shakedown analysis
@ probabilistic guarantees 7 non-linear decision rules 7

@ applications : masonry, frame structures, geotechnics etc.

Thank you for your attention !
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Particular case of box-uncertainty

[Roos et al. approximation] in the box-uncertainty case U = Uy,:
glo+3¢) <1, Vel

is safely approximated by 3w € R™, W € RYX™ s t.

inJrg oY W;| <1
j=1 j=1

max{g(W; - %;); g(W; + %)} <w; Vj=1...,m
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