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Introduction

Viscosity measurements of clay suspension in capillaries by Bingham
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Flow rate (ml/s) vs pressure g/cm? for a clay suspension [Bingham, 1916]
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Introduction

Viscoplastic fluids = a specific class of non-Newtonian fluids with a solid-like behaviour

A

fluid
viscosity 7

shear stress

shear rate

o flow like a simple fluid above a critical pressure
@ remains at rest, like a solid, below
poses a challenge for classification: solid or fluid ?
radically different than simple nonlinear viscosity
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Applications

Outline

@ Applications
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Applications

Viscoplastic fluids around us

cosmetics food construction, geophysics

Jérémy Bleyer (Labora June 26-27th 2023 3/35



Applications

Industrial and societal concerns

moving object/coating spreading/arrest risks

g X

[Balmforth et al., 2014]

[camp2camp.org]
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Applications

Viscoplasticity in concrete 3D printing

3d concrete printing at Laboratoire Navier, [courtesy Romain Mesnil]
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Applications

Challenges for rheologists

@ material must be pumpable 79 =~ 1 — 10kPa Y

@ material must sustain other layers (buildability) -
70~ 0.1 — IMPa =

@ 2 decades of yield stress over 1 hour

fresh state = dense, viscoplastic suspensions
hardened state = brittle, viscoelastic material i B dmp i i S e diie 20N

Consistency/yield stress or mechanical strength
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Applications

Challenges for rheologists

@ material must be pumpable 75 ~ 1 — 10kPa

@ material must sustain other layers (buildability) Bt
70 ~ 0.1 — 1MPa

@ 2 decades of yield stress over 1 hour ]

fresh state = dense, viscoplastic suspensions
hardened state = brittle, viscoelastic material

1Pa  10Pa  100Pa 1kPa 10kPa 100kPa 1MPa 10MPa 100MPa

Consistency/yield stress or mechanical strength

A low-cost rheometer: slug test
Mayonnaise drips [Coussot et al, 2005]

Fresh mortar [Ducoulombier et al., 2021]
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Modeling

Outline

@ Modeling
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Modeling

Variational principle (quasi-statics)

Solution velocity field u obtained from the following minimum principle:

(P) = min / $(d) dQ — Po(u)

Q
st. d=3(Vu+V'u)
divu=0

Akin to minimum potential energy principle in elasticity, dissipation rate principle in GSM
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Modeling

Variational principle (quasi-statics)

Solution velocity field u obtained from the following minimum principle:

(P) = min / $(d) dQ — Po(u)
st d— F(Vu+VTu)
divu =20
Akin to minimum potential energy principle in elasticity, dissipation rate principle in GSM
Optimality conditions: introduce saddle-point problem

maxmin L(u, d, s, p) = max mi‘?/ (¢(d) —s: (d — Vu) — pdivu) dQ — Pe(u)
s,p u, Q

s,p u,d

= max min/ﬂ(qz&(d) —s:d)dQ — /Q(divs —Vp) - udQ — Pexe(u)

s,p u,d
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Modeling

Variational principle (quasi-statics)

Solution velocity field u obtained from the following minimum principle:

(P)=min [ 6(d)d2 ~ Puc(u)

st. d=3(Vu+V'u)
divu=0

Akin to minimum potential energy principle in elasticity, dissipation rate principle in GSM

Optimality conditions: introduce saddle-point problem
maxmin L(u, d, s, p) = max mi‘?/ (¢(d) —s: (d — Vu) — pdivu) dQ — Pe(u)
s,p u, Q

s,p u,d

= max min/ﬂ(qz&(d) —s:d)dQ — /Q(divs —Vp) - udQ — Pexe(u)

s.p ud
results in:
s = 0adp (1)
o=s—pl (2)
divoe+f=0 3)
+ BGCs (4)
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Modeling

Some particular behaviours

@ Newtonian fluid:
¢o(d)=nd:d=o=2nd
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Modeling

Some particular behaviours

@ Newtonian fluid:
¢o(d)=nd:d=o=2nd

@ Visco-plastic Bingham fluid:
&(d)=nd :d+2mVd : d

is non-smooth
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Modeling

Some particular behaviours

@ Newtonian fluid:
¢o(d)=nd:d=o=2nd

@ Visco-plastic Bingham fluid:
&(d)=nd :d+2mVd : d

is non-smooth = o = J4¢ should be understood in the sense of subdifferentials
ie.:

TeG ifd=0
o € 0ut(d) = (20} +{ p d
ld|

= .t <
otherwise where G = {7 st. ||| < v2n}
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Modeling

Some particular behaviours

@ Newtonian fluid:
¢o(d)=nd:d=o=2nd

@ Visco-plastic Bingham fluid:
&(d)=nd :d+2mVd : d

is non-smooth = o = J4¢ should be understood in the sense of subdifferentials
ie.:

TeG ifd=0
o € 0ut(d) = (20} +{ p d
ld|

= .t <
otherwise where G = {7 st. ||| < v2n}

@ Visco-plastic Herschel-Bulkley fluid:

K m m
o(d) = =2 P|d | + VorVd  d

TEG ifd=0

V21—  otherwise
||d||

Jérémy Bleyer (Laboratoire Navier) June 26-27th 2023 8/35

o= K2(m+1)/2d|‘d||m71 +



Modeling

Some particular behaviours

2.00
—— Newtonian —— Herschel-Bulkley (m = 2.0)
L7571 —— Bingham ——- Herschel-Bulkley (m = 0.5) -
150 - e
71251 _o="
z L /
Z1.00 1
3
[
=
92 (.75 1
0.50 1
0.25 1
0.00 T T T
0.0 0.1 0.2 0.3 0.4 0.5

Shear strain

1D behaviour
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Modeling

Generic setting and key features

Generic visco-plastic behaviour: ¢(d) = @uisc(d) + dplast(d) where:
@ viscous part dyisc is strictly convex (homogeneous of degree m+1 > 1)

o plastic part ¢ppast is homogeneous of degree 1. i.e. ¢ps(0) = dc(o) is the indicator
of a convex set G containing 0
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Modeling

Generic setting and key features

Generic visco-plastic behaviour: ¢(d) = @uisc(d) + dplast(d) where:
@ viscous part dyisc is strictly convex (homogeneous of degree m+1 > 1)

o plastic part ¢ppast is homogeneous of degree 1. i.e. ¢ps(0) = dc(o) is the indicator
of a convex set G containing 0

Behaviour at small velocities: introduce u = u/e:

mﬁin /Q (qﬁvisc(eg) + ¢plm(eﬁ)> dQ — /Q f-eudQ

st. ed=c}(Vu+V'a)
edivu=0
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Modeling

Generic setting and key features

Generic visco-plastic behaviour: ¢(d) = @uisc(d) + dplast(d) where:
@ viscous part dyisc is strictly convex (homogeneous of degree m+1 > 1)

o plastic part ¢ppast is homogeneous of degree 1. i.e. ¢ps(0) = dc(o) is the indicator
of a convex set G containing 0

Behaviour at small velocities: introduce u = u/e:

min / <¢V.sc(ed)+¢p|ast(ed)) /Q f-ctdQ
s.t. ed—e (Vu+V'a)

edivu=0
min / Dplast ( d) dQ — / f-udQ
o st HVa+VTa)
d|v u =0
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Modeling

Generic setting and key features

Generic visco-plastic behaviour: ¢(d) = @uisc(d) + dplast(d) where:
@ viscous part dyisc is strictly convex (homogeneous of degree m+1 > 1)

o plastic part ¢ppast is homogeneous of degree 1. i.e. ¢ps(0) = dc(o) is the indicator
of a convex set G containing 0

Behaviour at small velocities: introduce u = u/e:

min / <¢Visc(e(~1) + ¢plm(eﬁ)) dQ — / f-eudQ
u Q Q
st. ed=c}(Vu+V'a)
edivu=0
Bpiast (d) A — / f-udQ
Q

=X(Vu+V'a)
iva=0

min

5~

Q

—
e—0 S.t.

Q.

This is a limit analysis problem which has no solution if f < f* = no flow
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Modeling

Generic setting and key features

Generic visco-plastic behaviour: ¢(d) = @uisc(d) + dplast(d) where:
@ viscous part dyisc is strictly convex (homogeneous of degree m+1 > 1)

o plastic part ¢ppast is homogeneous of degree 1. i.e. ¢ps(0) = dc(o) is the indicator
of a convex set G containing 0

Behaviour at small velocities: introduce u = u/e:

min / <¢Visc(e(~1) + ¢plm(eﬁ)) dQ — / f-eudQ
u Q Q
st. ed=c}(Vu+V'a)
edivu=0
Bpiast (d) A — / f-udQ
Q

=X(Vu+V'a)
iva=0

min

5~

Q

—
e—0 S.t.

Q.

This is a limit analysis problem which has no solution if f < f* = no flow

Similarly, without any forcing: return to rest in finite time
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Modeling

Dual variational principle

Dual variational problem: using standard convex duality:

where

¢* (S) = (¢visc + ¢p|ast)*(5) = qs\fiscl:lgﬁglast(s) = _’l_gf;_ ¢\Tisc(s - T)

Tene 26372033
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Modeling

Dual variational principle

Dual variational problem: using standard convex duality:

7]l < V270
where

¢* (S) = (¢visc + ¢p|ast)*(s) = ¢\)/kisc|:|¢;|ast(s) = _ll_gfc ¢\Tisc(s - T)
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Modeling

Dual variational principle

Dual variational problem: using standard convex duality:

7]l < V270
where
¢* (S) = (¢visc + ¢p|ast)*(s) = ¢\)/kisc|:|¢;|ast(s) = _ll_gfc ¢\Tisc(s - T)
Bingham:

* _ 1 2
d)visc(s T) - 417H$ T”
Herschel-Bulkley:

* m 1+1/m
(s —T) = s—T
¢vusc( ) (m 4 1)K1/m2(m+1)/2m ” ”
Newtonian:
T=0
June 26-27th 2023
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Modeling

Dual variational principle

Dual variational problem: using standard convex duality:

Il < V270

where
¢* (5) = (¢visc + ¢p|ast)*(s) = ¢\)/kisc|:|¢;|ast(s) = _ll_gfc ¢\Tisc(s - T)
Bingham:
Gl =7) = ols =7
Herschel-Bulkley:

* _ — m _ 1+1/m
Puise(s — T) = (m + 1)K1/m(m+1)/2m Is =
Newtonian:
T=0
Mathematical structure very similar to contact/friction, elastoplasticity )
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Modeling

Poiseuille flow

Analytical solution for plane Poiseuille flow:
o = f(z—H/2) ; -
The Bingham number — —

. U — H u(z) —

Bi = — —
nH
Newtonian = 0 < Bi < oo = perfectly plastic
12/35
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Modeling

Poiseuille flow

Analytical solution for plane Poiseuille flow:

o = f(z—H/2) -
f
The Bingham number — —
. M :: H u(z) —
= H

Newtonian = 0 < Bi < oo = perfectly plastic

— Bi=0 — Bi=0.1 — Bi=02 — Bi=0.3 — Bi=04

shear near the edges: parabolic
Newtonian profile

near the center: rigid plug region with
uniform velocity

solid region : 0.5 - Bi < z/H <Bi+0.5
= flow stops when Bi = Bi. = 0.5

04 ;
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
Velocity u(z)
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Modeling

Bi-dimensional flows in Hele-Shaw cells [Bleyer, 2022]

3D flow reduced 2D flow

P v
— -
= g e

Z}flowing region

Towing region
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Modeling

Bi-dimensional flows in Hele-Shaw cells [Bleyer, 2022]

3D flow reduced 2D flow

3D-2D dimensionality reduction hypotheses:
@ the transverse velocity is negligible: u, ~ 0
@ transverse directions are much larger than in-plane variations ||u x|, |lu,y| < ||u.z||
@ no-slip condition along walls
@ inertia and body forces can be ignored
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Modeling

Bi-dimensional flows in Hele-Shaw cells [Bleyer, 2022]

3D flow reduced 2D flow

3D-2D dimensionality reduction hypotheses:
@ the transverse velocity is negligible: u, ~ 0
@ transverse directions are much larger than in-plane variations ||u x|, |lu,y| < ||u.z||
@ no-slip condition along walls
@ inertia and body forces can be ignored
results in a linearly varying shear stress field

0 0 =
o(x,y,z2)= |0 0 7,
™~ T, 0

with 7(x,y) = zVp(x, y)

where 7(x, y, z) is the anti-plane shear stress vector and p(x, y) is the fluid pressure
June 26-27th 2023 13/35



Modeling

Determining effective potentials

Hele-Shaw effective behaviour can be described through effective potentials:
@ either in stress-based form W(G) with the pressure gradient G(x,y) = —Vp(x, y)

o ARARE APE TVES



Determining effective potentials
Hele-Shaw effective behaviour can be described through effective potentials:
@ either in stress-based form W(G) with the pressure gradient G(x,y) = —Vp(x, y)

@ or, in velocity-based form ®(U) of the macroscopic velocity U(x, y)
with Legendre-Fenchel duality ¥ = ®* with:

UecdsV(G) , Geydl)
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Modeling

Determining effective potentials

Hele-Shaw effective behaviour can be described through effective potentials:
@ either in stress-based form W(G) with the pressure gradient G(x,y) = —Vp(x, y)
@ or, in velocity-based form ®(U) of the macroscopic velocity U(x, y)

with Legendre-Fenchel duality ¥ = ®* with:

UecdsV(G) , Geydl)
Stress potential:

V(G) = %/_Hwa(x,y,z»dz

where 1 is the 3D stress-based potential of the constituting fluid.
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Modeling

Determining effective potentials

Hele-Shaw effective behaviour can be described through effective potentials:
@ either in stress-based form W(G) with the pressure gradient G(x,y) = —Vp(x, y)
@ or, in velocity-based form ®(U) of the macroscopic velocity U(x, y)

with Legendre-Fenchel duality ¥ = ®* with:

UecdsV¥(G) , GeydU)
Stress potential: . .

W6 = 5 | wlolxy.2)dz
where 1 is the 3D stress-based potential of the constituting fluid.

Newtonian fluid |

o(d) =nd  d, p(o) = 6"(d) = -2 = w(G) = [, L G Gdz = L
' 4y —H 4nH 67
we recover the Darcy equation between two parallel plates:
H2
= \U = —
U =09cV(G) 3 G

Jérémy Bleyer (Laboratoire Navier) June 26-27th 2023 14/35



Modeling

The velocity effective potential

obtained via Legendre-Fenchel transform:
®(U) =sup{U- G- V(G)}
G

— inf %/7,4 #(d(z2)) dz

¥(2)
[ 0 0 ’yx(z)]
st. d(z)=1| 0 0 w2
’Yxl_(lz) Ww(z) 0
U+ %[sz(z)dzzo

Tene 26372033
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Modeling

The velocity effective potential

obtained via Legendre-Fenchel transform:
®(U) =sup{U- G- V(G)}
G

i
~(2)

inf %/4 6(d(2)) dz
0

0
st. d(z)=1| 0 0 w2
w(z) w(z) O

1 H
U+ﬁ/7Hz'y(z)dz=0

Interpreting ¥(z) = u,; as the local strain rate, the last constraint is equivalent to:

H

U—|—i zu dz—U—i/Hudz—O
2H ), 7T 2H | 4 -
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Modeling

The velocity effective potential

obtained via Legendre-Fenchel transform:
®(U) =sup{U- G- V(G)}
G

~(2)

— inf %[H #(d(z2)) dz
0

0
st. d(z)=1| 0 0 (2
w(z) w(z) 0

1 H
U+ﬁ/7Hz'y(z)dz=0

Interpreting ¥(z) = u,; as the local strain rate, the last constraint is equivalent to:

H

U—|—i zu dz—U—i/Hudz—O
2H ), 7T 2H | 4 -

Bingham case:

. 1 (Mn 2
oW =inf 5 [ (G + ()l de

H
1
st. U+ — zy(z)dz=0
2H J_y
June 26-27th 2023
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Modeling

A tractable approximation

No closed-form expression

Approximation: v; = vy(z) at
i=1,..., m quadrature points z:

Su(U) =inf 3 e (310 + ol

st. U+ HZUJ,‘E,")’; =0

i=1
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Modeling

A tractable approximation

Flow curves: norm of the pressure gradient
G = ||G|| as a function of filtration
velocity magnitude U = ||U]|

No closed-form expression

1.50
1.25
Approximation: v; = vy(z) at € —oe | £, — ot
; ) 5 S
i=1,..., m quadrature points z: o ors

0.25

. m /’7 2 0.25
$,(U) = inf wi (f ille + i ) ;
=it e (Gl il

v ol ow "Mook o ol o
/() /()
m > )
15 I
st. U+H E w,-f,-’y,- =0
150 10
i=1
12 12
£ — e | £ — et
5 T m =
07 07
050 00
03 0
0
oo om ob ow "M ok o om0
WU (roH) WU/ (rH)

émy Bleyer (Laboratoire Navi
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Modeling

Flow in a random medium

Hele-Shaw cell with spatially varying height

o8 min / o, (U)dQ — poU - ndS
u Q

. a0p
2 st. divU=0inQ
U-n=qgon 0Q
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Modeling

Flow in a random medium

Hele-Shaw cell with spatially varying height

06 08 10

Height

0.0

Horizontal filtration velocity

Velocity U,
1.0

0.8

——

0.032
0.028
0.024
0.020
0.016
0.012
0.008
0.004
0.000

1.0

0.8

0.6

0.4

0.0
0.0 0.2

min /¢m(U)dQ— poU - ndS
v Q 29p
st. divU=0inQ
U-n=qgon 0Q

Velocity U,

—

0.4 0.6 0.8

G=25

maps for different imposed pressure gradients G

0108 10
0.096
ooss 08
0.072

0.6
0.060
0.048

0.4
0.036
0.024
0.012
0.000 !

10

Velocity U,

June 26-27th 2023

0.192
0.168
0.144
0.120
0.096
0.072
0.048
0.024
0.000
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Existing numerical methods

Outline

@ Existing numerical methods
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Existing numerical methods

Numerical difficulties and mitigation strategies

The existence of yield stress poses numerical challenges:
@ non-smooth potential = Newton methods generally fail
o unknown rigid regions
@ unknown stress in rigid regions
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Existing numerical methods

Numerical difficulties and mitigation strategies

The existence of yield stress poses numerical challenges:
@ non-smooth potential = Newton methods generally fail
o unknown rigid regions
@ unknown stress in rigid regions

Bi-viscous regularization: abandon the idea of a yield stress, replace rigid regions with
high viscosity regions e.g. [Bercovier and Engelman, 1980]

o=md Vo b o o= nd + Vi 2ne(|ld])d

d
ldl N

o ARARE APE SEES



Existing numerical methods

Numerical difficulties and mitigation strategies

The existence of yield stress poses numerical challenges:
@ non-smooth potential = Newton methods generally fail
o unknown rigid regions
@ unknown stress in rigid regions

Bi-viscous regularization: abandon the idea of a yield stress, replace rigid regions with
high viscosity regions e.g. [Bercovier and Engelman, 1980]

d
o = 2nd + V27 = og.=2nd+ V21— =2n.(|/d|))d
n 0 n 0 T e ne(lldl])

2.00
1.754
1.50 1
2 1.25 1
2
Z 10017
= L 7
g /
= i
@ 0.7541
! visc. regularization (e = 0.1)
0.50 ¢ ——= visc. regularization (¢ = 0.01)
0254 7 ---- visc. regularization (e = 0.001)
F —— Bingham
0.00
0.0 0.1 0.2 0.3 0.4 0.5

Shear strain rate
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Existing numerical methods

Numerical difficulties and mitigation strategies

The existence of yield stress poses numerical challenges:
@ non-smooth potential = Newton methods generally fail
o unknown rigid regions
@ unknown stress in rigid regions

Bi-viscous regularization: abandon the idea of a yield stress, replace rigid regions with
high viscosity regions e.g. [Bercovier and Engelman, 1980]

d
0'—277d+\[7'o d = 0'€=2nd—|—\67'0ﬁ = 2n.(]|d|)d
ld VIdZ+e
2.00
1.754
Problems:
1.50 1
5 1251 : @ poor conditioning when € — 0
g .
21_00, i @ no real rigid region, large sensitivity
g / El
Zomdl to the chosen threshold
i E " e _
N visc. regularization (¢ =0.1) @ no convergence of the stress . /4 o
: ; ——= visc. regularization (¢ = 0.01)
0254 7 === visc. regularization (¢ = 0.001) @ return to rest in finite time is lost
—— Bingham
0.00
0.0 0.1 0.2 0.3 0.4 0.5

Shear strain rate
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Existing numerical methods

Augmented Lagrangian approaches

Going back to the Lagrangian saddle point-problem max mi‘? L(u,d,s, p) where:
s,p u,

L(u,d,s,p) = /Q (6(d) — pdivu—s : (d — V°u)) dQ — Pe(u)
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Existing numerical methods

Augmented Lagrangian approaches

Going back to the Lagrangian saddle point-problem max mi‘? L(u,d,s, p) where:
s,p u,

L(u,d,s,p) = / (6(d) — pdivu—s : (d — V°u)) dQ — Pe(u)
Q
Introduce an augmented Lagrangian for r > 0:

L’(u7 d,S, P) = /

j (¢(d) —pdivu—s:(d—Vu)+ %(d - vsu)"‘) dQ — Po(u)
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Existing numerical methods

Augmented Lagrangian approaches

Going back to the Lagrangian saddle point-problem max mi‘? L(u,d,s, p) where:
s,p u,

L(u,d,s,p) = / (6(d) — pdivu—s : (d — V°u)) dQ — Pe(u)
Q
Introduce an augmented Lagrangian for r > 0:

E,—(U, d,S, P) = /

j (¢(d) —pdivu—s:(d—Vu)+ %(d - Vsu)2> dQ — Po(u)

solved using Uzawa’s method:

Uni1, Pny1 = Ti‘P[rr(uy dmsn,p) (5)
d”+1 = mdin ‘C”(u"+17d) Sn,Pn+1) (6)
Sri1 = S0+ (Tt — ) ™
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Existing numerical methods

Augmented Lagrangian approaches

Going back to the Lagrangian saddle point-problem max mi‘? L(u,d,s, p) where:
s,p u,

L(u,d,s,p) = / (6(d) — pdivu—s : (d — V°u)) dQ — Pe(u)
Q
Introduce an augmented Lagrangian for r > 0:

E,—(U, d,S7 P) = /

j (¢(d) —pdivu—s:(d—Vu)+ %(d - Vsu)2> dQ — Po(u)

solved using Uzawa’s method:

Uni1, Pny1 = nl')i‘?[rr(uy dn,Sn,P) (5)
d”+1 = mdin ‘C"(u"+17d) Sn,Pn+1) (6)
Sni1 = 8o+ r(Vtni1 — dni1) (7)

(??) = Stokes problem of fixed viscosity r
(??) = local problem with closed form solution

Sn+ rVoun <1 . V2n >
2n+r Is + rVeul| N

dn+1 =
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Existing numerical methods

Augmented Lagrangian approaches

Pros: easy to implement

Cons: first-order algorithm, residual convergence in O(1/k)
10° :

Y — N.=4092cl.

-1
1070k — N,=16492¢l. |j
el . — N,=66077cl. |]
Yeeel —— N, =264230el.
-3 Tee-ll ]
R, ‘ v
10741 e S
/@\ s
Tzt
—H :
\4_/ 10707
1077 1
1075 1

107? ‘ I~ !
LT 10! 10 10°
Number of iterations

Residual norm
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Existing numerical methods

Augmented Lagrangian approaches

Pros: easy to implement

Cons: first-order algorithm, residual convergence in O(1/k)
10° :

Y, N, =4092 el.

-1
10 N, = 16492 el. |]
102t N, =66077 el. |]
—e N, = 264230 el.
—3[ o --
Re ‘ 10 .
104 AN
T Z10°°h
%) - 4
\_/ 1070 A
1077
1075

107? ‘ I~ !
LT 10! 10 10°
Number of iterations

Residual norm

Accelerated versions reach O(1/k?) at most [Treskatis, 2016; Bleyer, 2017]
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Existing numerical methods

Augmented Lagrangian approaches

Pros: easy to implement
Cons: first-order algorithm, residual convergence in O(1/k)

Velocity
0000 00054 0011 0016 0022 10" . .
— N 4092
107! _
— N.=16492 el.
10-2 — N.=066077 el.
_____ ——  N.=264230 el.
B 1073 —~2= k|
5
{ BT ]
=
= 107} ou/k)]
Velocity Z —
0.000 0.0077 0.015 0.023 0.031 ‘:ﬁ 6
— L
1075
107 ‘ ‘ |
01 10t 10 10°
Number of iterations

Accelerated versions reach O(1/k?) at most [Treskatis, 2016; Bleyer, 2017]
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Mesh adaptation

Mesh adaptation based on flowing status [Kascavita et al., 2021]

0.8 0.8
0.6 /) 0.6
04 ! 04

0.6

0.4

Jérémy Bleyer (

06 08 1 0 02 04

Dark blue = rigid region
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Existing numerical methods

Mesh adaptation

Mesh adaptation based on anisotropic metric [Roquet and Saramito, 2001]

Flow past a cylinder [Roquet and Sarmito,
2003]

Flow past a wavy channel [Treskatis, 2018]
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Conic programming approach and interior-point solvers

Outline

@ Conic programming approach and interior-point solvers
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Conic programming approach and interior-point solvers

Linear and conic programming

Linear Programming :

max c¢'x
st. Ax=b
x>0
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Conic programming approach and interior-point solvers

Linear and conic programming

Linear Programming :

max ¢’ x
st. Ax=b
x>0

Linear programming solvers
@ simplex algorithm [Dantzig et al., 1955] => exponential complexity

@ interior point algorithm [Karmakar, 1984] => polynomial complexity
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Conic programming approach and interior-point solvers

Linear and conic programming

Linear Programming :

max ¢’ x
st. Ax=b
x>0
Conic Programming :
max ¢’ x
st. Ax=b

xeKlx...xKP

where K/ are cones e.g. :
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Conic programming approach and interior-point solvers

Linear and conic programming

Linear Programming :
-

max c¢'x
st. Ax=b
x>0
Conic Programming :
max ¢’ x
st. Ax=b

xeKlx...xKP

where K7 are cones e.g. :
@ positive orthant : K/ = R"™" = {x s.t. x; > 0} = LP
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Conic programming approach and interior-point solvers

Linear and conic programming

Linear Programming :
-

max c¢'x
st. Ax=b
x>0
Conic Programming :
max ¢’ x
st. Ax=b

xeKlx...xKP

where K7 are cones e.g. :
@ positive orthant : K/ = R"™" = {x s.t. x; > 0} = LP
@ Lorentz second-order ("ice-cream") cone :

K= {x=(x0,X) e R xR st ||| < x} => SOCP
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Conic programming approach and interior-point solvers

Linear and conic programming

Linear Programming :

max ¢’ x
st. Ax=b
x>0
Conic Programming :
max ¢’ x
st. Ax=b

xeKlx...xKP

where K7 are cones e.g. :
@ positive orthant : K/ = R"™" = {x s.t. x; > 0} = LP
@ Lorentz second-order ("ice-cream") cone :

K= {x=(x0,X) e R xR st ||| < x} => SOCP

@ cone of positive semi-definite matrix X > 0 => SDP
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Conic programming approach and interior-point solvers

Linear and conic programming

Linear Programming :

max ¢’ x
st. Ax=b
x>0
Conic Programming :
max ¢’ x
st. Ax=b

xeKlx...xKP

where K7 are cones e.g. :
@ positive orthant : K/ = R"™" = {x s.t. x; > 0} = LP

@ Lorentz second-order ("ice-cream") cone :

K= {x=(x0,X) e R xR st ||| < x} => SOCP

@ cone of positive semi-definite matrix X > 0 => SDP
@ power cones: Py = {z € R" s.t. z = (20, 21,2) and 2§z} ~* > ||Z||]2, 20,21 > 0}
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Conic programming approach and interior-point solvers

Linear and conic programming

Linear Programming :

max ¢’ x
st. Ax=b
x>0
Conic Programming :
max ¢’ x
st. Ax=b

xeKlx...xKP

where K7 are cones e.g. :
@ positive orthant : K/ = R"™" = {x s.t. x; > 0} = LP
@ Lorentz second-order ("ice-cream") cone :

K= {x=(x0,X) e R xR st ||| < x} => SOCP

@ cone of positive semi-definite matrix X > 0 => SDP

@ power cones: Py = {z € R" s.t. z = (20, 21,2) and 2§z} ~* > ||Z||]2, 20,21 > 0}

efficient conic programming solvers: CVX, MOSEK, etc. J
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Conic programming approach and interior-point solvers

Conic programming reformulation

Primal variational principle: smooth + non-smooth term

min /<L||d||m“+ﬁm||d||> dQ—/f-udQ
u,d g \m+1 Q
s.t

d=1(Vu+V'u)
divu=20
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Conic programming approach and interior-point solvers

Conic programming reformulation

Primal variational principle: smooth + non-smooth term

min /< K "’+1+\f70t> dQ — /f udQ
u,d,t m-+1
s.t

=L(Vu+V'u)
divu =0
Id|| <t
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Conic programming approach and interior-point solvers

Conic programming reformulation

Primal variational principle: smooth + non-smooth term

min /( K s+f2¢ot>d§2—/f-ud9
u,d,t,s Q m —+ 1 Q
st. d=3(Vu+V'Tu)

divu=20
Id|l <t
tm+1 Ss
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Conic programming approach and interior-point solvers

Conic programming reformulation

Primal variational principle: smooth + non-smooth term

min /< K s+ﬁrot>d§2—/f-ud9
u,d,t,s Q m —+ 1 Q
st. d=3(Vu+V'Tu)

divu=20
Id|l <t
tm+1 SS

= SOCP/power cone problem in standard format

rpixn cou+clx A"\ —-B"s+c,+ BTc, 0

st. Au=0 N Au =0 x €K, sk
Bu—-x=0 Bu —x 0
xeK s'x 0
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Conic programming approach and interior-point solvers

Conic programming reformulation

Primal variational principle: smooth + non-smooth term

min /( K s+ﬁrot> dQ—/f-udQ
Q Q

u,d,t m+1

st. d=3(Vu+V'Tu)
divu=0
Id|| <t
tm+1 S s

= SOCP/power cone problem in standard format

: feasible region|

objective { central path

A" A—B's+c,+ B¢, 0
Au o 0 function v;z =0
Bu — x — 1o S N :
s'x m
* descent /N
xek,sek step

optimalpgint

1 defines the central path
=

Jérémy Bleyer (Laboratoire Navier) June 26-27th 2023
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ic programming approach and intei point solvers

Lid-driven square cavity

Y
—_— ]

V=1
> —

ToH

KV

Bi =500

Yy

® Bi-2 Syakosetal (2018)
Bi=50 Syrakos etal. (2013)
present

-0.2 0 0.2 0.4 0.6 0.8 1

Uy /V

Tene 26372033
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programming approach an oint solvers

Lid-driven square cavity Y Bi = 500
Yy v=1 08
—_— —_ —>
0.8
0.7
0.6
0.5
0.4
0.3
0.2
Bi = ol o e
present

0
-0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Uy /V

primal (pressure) primal (pressure)

primal (strain) primal (strain)

dual dual

1111
1111

complementarity gap complementarity gap

B 10 15 20 2 510 15 2 % 30 %
Treration Treration
Bi =2 Bi = 200
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Conic programming approach and interior-point solvers

Lid-driven square cavity

Velociy Velociy Velociy
000 02 05 07 09 000 02 05 075 100 000 025 05 075 100
—

A4 h—d

Bi=0 Bi=1 Bi=2

Velociy Velociy Velociy
000 025 05 075 100 000 025 05 075 100 000 025 05 075 100
— —

—

Bi = 200
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Conic programming approach and interi oint solvers

Eccentric annulus problem

100 . . 10" - T T T T
V. - -+ Standard AL
—  Accelerated AL

102 —e [PM

H
b

Residual norm
Residual norm

) IPM ‘ 10-9 ‘ ‘ ‘ ‘ ‘
100 10! 10?7 10% 0 20 40 60 80 100 120
Number of iterations CPU time (s)

Mesh dependency CPU cost (Ne = 66,077)
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ic programming approach and intei point solvers

Vane rheometer

Velocity Magnitude Yield_criterion
0.0e+00 1 2 3 4.0e+00 9.9e-01 0.995 1 1.005 1.0e+00
L | | L L | |
-_— — —

<>
%

Figure: Bi=1
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Conic programming approach and inte point solvers

Vane rheometer

Velocity Magnitude Yield_criterion
0.0e+00 1 2 3 4.0e+00 9.9e-01 0.995 1 1.005 1.0e+00
| . I [

Figure: Bi =10
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Conic programming approach and intel point solvers

Vane rheometer

Velocity Magnitude Yield_criterion
0.0e+00 1 2 3 4.0e+00 9.9e-01 0.995 1 1.005 1.0e+00
| . T E—

Figure: Bi =20
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Conic programming approach and intel point solvers

Vane rheometer

Velocity Magnitude Yield_criterion
0.0e+00 1 2 3 4.0e+00 9.9e-01 0.995 1 1.005 1.0e+00
[ . e EE

Figure: Bi = 100

Jérémy Bleyer (Laboratoire Navier) Viscoplastic fluid flows June 26-27th 2023 27/35



Conic programming approach and inte

Flow through a 3D porous medium

Velocty Veloity
o0 005 00059 00088 00000 044 087 13064
EE——
pressure
gradient f

Velociy
0000 0073 015 ox77
—

0.020
0015 .
0.010
.
.
00 .
. n
#ocn”?
(1] 150 200 250 300

Pressure gradient f
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Conic programming approach and interior-point solvers

Does it work in practice ?

Extraction of a plate from a viscoplastic fluid bath (Herschel-Bulkley m = 0.35)
Fluid velocity field measured by PIV

It
p—
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Conic programming approach and interior-point solvers

Does it work in practice ?

Extraction of a plate from a viscoplastic fluid bath (Herschel-Bulkley m = 0.35)
Fluid velocity field measured by PIV

V=1mmis

o 0.8

o 0.6

0.4

0.2

25cm

It
p—

-0.2

vertical velocity (mm/s)

o -0.4

s 0.6

7.5cm
Qualitative comparison :
@ velocity profile is uniform in a region away from free surface and plate tip
@ fluid is strongly sheared upwards in a small region close to the plate
@ moves downwards far from the plate
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Conic programming approach and interior-point solvers

Extraction of a plate from a yield stress fluid bath

Quantitative comparison of vertical velocity profiles in the uniform region

V=0.5 mm/s
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Conic programming approach and interior-point solvers

Extraction of a plate from a yield stress fluid bath

Quantitative comparison of vertical velocity profiles in the uniform region

V=5mm/s
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1 4

0.8 4
2
>
2z
3 osf ,
°
>
=
3
= o4t B
£
=]
z

0.2 4

0
02 . . . . . . .
0 10 20 30 40 50 60 70 80
Distance from the plate (mm)
V =5mm/s

o ARARTD A TS



Conic programming approach and interior-point solvers

Extraction of a plate from a yield stress fluid bath

Quantitative comparison of vertical velocity profiles in the uniform region

V=15mm/s
1.2 T T T T T

4 4
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°
>
=
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= 04 B
<
E
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Conic programming approach and interior-point solvers

Flow through an expansion-contraction channel

—_— —_—
—_— —_—
—_— —_—

Axial velocity contours
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Conic programming approach and interior-point solvers

Flow through an expansion-contraction channel

Axial velocity contours

05

Bi=0

Velocity fields similar to experimental results of [Chevalier et al., 2013] —
flow through a model pore with MRI
v

4500 2500
1800 -1000|

Bi=170 Bi=28.9 Bi =145 Bi =36

D2
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Extensions and advanced modeling

Outline

(® Extensions and advanced modeling
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Extensions and advanced modeling

Rigid particles, bubbles, multiphase

Finite-time settlement of a rigid particle [Wachs and Frigaard, 2016]

1/Re = 0.350

1/Re = 0337

Bubble rise [Dubash and Frigaard, 2007] Saffman-Taylor instability [Coussot, Navier]

Jérémy Bleyer (Laboratoire Navier) June 26-27th 2023
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Extensions and advanced modeling

Submarine landslides, coll. with Xue Zhang (Liverpool)

Some clays, especially submarine clays are sensitive to soil liquefaction:
strain-softening viscoplastic behaviour

Q
=)

- Cohesion

Pe plastic strain

A
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Extensions and advanced modeling

Submarine landslides, coll. with Xue Zhang (Liverpool)

Some clays, especially submarine clays are sensitive to soil liquefaction:
strain-softening viscoplastic behaviour

Q
=)

Mesh Ma
o
S
8
2]
[
<
3 v
o
¢ e e e e @ o0 Cloud of particles Cn+1
°© o o 0 0 00, o
°o o ° ° o
R I T
Pe plastic strain ¢
A A Computational domain Qo+
o 0600 00
I

v

Mesh Mn+1

100cm

Particle Finite-Element Method
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Extensions and advanced modeling

Submarine landslides, coll. with Xue Zhang (Liverpool)

Column collapse

[ ]pdfmark=/ANN,
/F (SensitiveColumnCollapse.mp4) /Poster true » Annotations=« /Mode /Repeat
», T=(mmdefaultlabel2), Border=0 0 0
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Extensions and advanced modeling

Submarine landslides, coll. with Xue Zhang (Liverpool)

Slope collapse

[ ]pdfmark=/ANN,
/F (SensitiveSlopeCollapse.mp4) /Poster true »,Annotations=« /Mode /Repeat
», T=(mmdefaultlabel5), Border=0 0 0
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Extensions and advanced modeling

Submarine landslides, coll. with Xue Zhang (Liverpool)

Slope collapse

[ ]pdfmark=/ANN,
/F (SensitiveSlopeCollapse.mp4) /Poster true »,Annotations=« /Mode /Repeat
», T=(mmdefaultlabel7), Border=0 0 0

retrogressive failure
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Extensions and advanced modeling

Conclusions and Outlook

Conclusions
@ yield stress fluid flows are challenging to solve due to unknown rigid regions
o simple regularization fails to accurately capture rigid region locations

@ conic programming methods are well suited to handle non-smoothness

Outlook
o efficient numerical methods still need for multiphase flows
@ adaptation to shallow water equations (avalanches)

@ inclusion of elasticity
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Extensions and advanced modeling

Conclusions and Outlook

Conclusions
@ yield stress fluid flows are challenging to solve due to unknown rigid regions
o simple regularization fails to accurately capture rigid region locations

@ conic programming methods are well suited to handle non-smoothness

Outlook
o efficient numerical methods still need for multiphase flows
@ adaptation to shallow water equations (avalanches)

@ inclusion of elasticity

Thank you for your attention !
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